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Orlicz Mixed Affine Quermassintegrals
Nikos Dafnis
Abstract
Lutwak’s notion of affine quermassintegrals of a convex body quickly became of
great importance in convex and affine geometry and more recently, also in asymp-
totic geometric analysis. In this note, following the ideas in [30], we introduce the
notion of the Orlicz mixed affine quermassintegrals of a convex body in Rn, as a
generalization of the affine quermassintegrals in the framework of the Orlicz-Brunn-
Minkowski theory. We prove a Minkowski inequality for the Orlicz mixed and affine
quermassintegrals, and an Orlicz-Brunn-Minkowski inequality, which provides of a
direct generalization of Lutwak’s Brunn-Minkowski inequality for affine quermass-
integrals, in the Orlicz space.
1 Introduction.
Let Kn be the class of all non-empty compact convex subsets of Rn. The support
function of a K ∈ Kn is defined by
hK(x) = sup
y∈K
〈x, y〉, x ∈ Rn.
Support functions are sublinear i.e., subadditive and homogeneous of degree 1, and
therefor often regarded as functions on Sn−1. Conversely, any sublinear real-valued
function on Rn, is the support function of a unique compact convex set. Consequently,
any K ∈ Kn is uniquely determined by its support function.
The classical Brunn-Minkowski theory combine two basic concepts in geometry,
volume and Minkowski (vector) addition. More precisely, if K,L ∈ Kn, a, b > 0, their
Minkowski linear combination aK + bL ∈ Kn can be defined by
haK+bL(u) = ahK(u) + bhL(u), u ∈ S
n−1.
The Brunn-Minkowski theory played a crucial role in the development of convex geome-
try and asymptotic geometric analysis, among other areas of mathematics. Fundamental
within the theory, is the Brunn-Minkowski inequality:
V (K + L)
1
n ≥ V (K)
1
n + V (L)
1
n ,
for any K,L ∈ Kn, and if K and L are non-trivial, then equality holds if and only if K
and L are homothetic, or they lie in parallel hyperplanes.
Minkowski’s fundamental notion of mixed volume V1(K,L), K,L ∈ K
n, is defined
to be proportional to the first variation of the volume with respect to Minkowski linear
combination, by the formula
V1(K,L) =
1
n
lim
ε→0+
V (K + εL)− V (K)
ε
.
Aleksandrov [1] and Fenchel and Jensen [3] proved that or any K ∈ Kn there ex-
ists a unique Borel measure S(K, ·) on the unit sphere Sn−1, called the surface area
1
measure of K, such that for any L ∈ Kn their mixed volume has the following integral
representation:
V1(K,L) =
1
n
∫
Sn−1
h(L, u) dS(K,u).
By its definition the mixed volume satisfy that V1(K,K) = V (K) for any K ∈ K
n.
The Minkowski inequality settle in general the relation between the volume and the
mixed volume:
V1(K,L)
n ≥ V (K)n−1V (L),
K,L ∈ Kn. If moreover K and L are non-trivial, then equality holds if and only if K
and L are homothetic, or they lie in parallel hyperplanes.
Lp Mixed Volume.
Let Kno be the class of all nonempty compact convex subsets of R
n, that contain the
origin in their interior. Firey [4], [5] introduced a new notion of linear combination of
convex bodies in Kno : For p ≥ 1, K,L ∈ K
n
o and a, b > 0, their Lp linear combination is
the set a ·pK +p b ·pL ∈ K
n
o , with support function
ha·pK+p b ·pL(u)
p = ahK(u)
p + bhL(u)
p, u ∈ Sn−1.
See also [22] for an extension on non-convex sets. Using Firey’s linear combination,
Lutwak [16], [17] gave rise to the Lp-Brunn-Minkowski theory as an extension of the
Brunn-Minkowski theory, which strengthened many of the classical results. In his set-
ting, the Lp mixed volume of K,L ∈ K
n
o can be defined by
Vp(K,L) =
p
n
lim
ε→0+
V (K +p ε ·p L)− V (K)
ε
,
and has the following integral representation
Vp(K,L) =
1
n
∫
Sn−1
hL(u)
p hK(u)
1−p dS(K,u).
Note that Vp(K,K) = V (K), for any K ∈ K
n
o , and in correspondence to the classical
theory, the Lp-Minkowski inequality asserts that
Vp(K,L)
n ≥ V (K)n−p V (L)p,
for any K,L ∈ Kno , with equality if and only if K and L are dilates of each other, and
as a consequence we get the following Lp-Brunn-Minkowski inequality:
V (K +p L)
p
n ≥ V (K)
p
n + V (L)
p
n ,
for any K,L ∈ Kno , with equality if and only if K and L are homothetic.
For further details on Brunn-Minkowski and Lp-Brunn-Minkowski theories, we refer
to the book of Schneider [26].
Orlicz Mixed Volume.
Lutwak, Yang and Zhang [21], [20] initiated a further extension of Brunn-Minkowski
theory to an Orlicz setting. This involves the replacement of the function tp, by an in-
creasing convex function in ϕ : [0,∞)→ [0,∞). The new Orlicz-Brunn-Minkowski the-
ory studied systematically by Gardner, Hug &Weil in [7], where the authors constructed
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a solid framework and indicate its relation to the Orlicz spaces. Following their point
of view, we denote by C , the class of all increasing convex functions ϕ : [0,∞)→ [0,∞)
with ϕ(0) = 0 and ϕ(1) = 1.
For every K,L ∈ Kno , a, b > 0 and ϕ ∈ C , the Orlicz linear combination a ·ϕ K +ϕ
b ·ϕ L ∈ Kno or simply a ·K +ϕ b · L is defined by
ha·K+ϕb·L(x) = inf
{
λ > 0 : aϕ
(
hK(x)
λ
)
+ b ϕ
(
hL(x)
λ
)
≤ 1
}
, (1.1)
or equivalently by the implicit equation
aϕ
(
hK(x)
ha·K+ϕb·L(x)
)
+ b ϕ
(
hL(x)
ha·K+ϕb·L(x)
)
= 1. (1.2)
The Orlicz linear combination is continuous with respect to the Hausdorff metric. In
particular, for any K,L ∈ Kno , we have that
K +ϕ ε · L→ K, (1.3)
as ε→ 0+, in the Hausdorff metric
δ(K,L) = sup
u∈Sn−1
∣∣hK(u)− hL(u)∣∣.
The Orlicz mixed volume of K,L ∈ Kno , ϕ ∈ C , can be defined by
Vϕ(K,L) =
1
n
∫
Sn−1
ϕ
(
hL(u)
hK(u)
)
hK(u) dS(K,u), (1.4)
As in the Lp case, the Orlicz mixed volume of K,L ∈ K
n
o , is proportional to the first
variation of volume with respect to their Orlicz linear combination:
Vϕ(K,L) =
ϕ′(1−)
n
lim
ε→0+
V (K +ϕ ε · L)− V (K)
ε
, (1.5)
where ϕ′(1−) is the left derivative of ϕ at 1. Similarly to the Lp case, we have that
Vϕ(K,K) = V (K) for any K ∈ K
n
o , and more generally the Orlicz-Minkowski inequality
asserts that
Vϕ(K,L)
V (K)
≥ ϕ
((
V (L)
V (K)
)1/n)
, (1.6)
for all K,L ∈ Kno . If ϕ is strictly convex then equality holds if and only if K and L are
dilates of each other. We also have a Orlicz-Brunn-Minkowski inequality, which relates
the volume with the Orlicz linear combination:
1 ≥ ϕ
((
V (K)
V (K +ϕ L)
)1/n)
+ ϕ
((
V (L)
V (K +ϕ L)
)1/n)
, (1.7)
for all K,L ∈ Kno , and if ϕ is strictly convex then equality holds if and only if K and
L are dilates of each other. We refer to [7] for any further details on the Orlicz-Brunn-
Minkowski theory.
Affine quermassintegrals.
3
Lutwak [12] defined the affine quermassintegrals of a convex body K in Rn by
Φn−j(K) =
ωn
ωj
(∫
Gn,j
Volj
(
K|ξ
)−n
dνn,j(ξ)
)− 1
n
,
for 1 < j < n, while Φ0(K) = V (K) and Φn(K) = ωn. Here and for the rest of this
note, νn,j is the Haar probability measure on the Grassmannian manifold Gn,j of the
j-dimensional subspaces of Rn. The terminology “affine” was justified a few years later
by Grinberg [9], how showed that these quantities are actually invariant under volume
preserving linear transformations. Lutwak proved a Brunn-Minkowski inequality for the
affine quermassintegrals:
Φn−j(K + L)
1/j ≥ Φn−j(K)
1/j +Φn−j(L)
1/j , (1.8)
and conjectured in [19] that they satisfy the inequalities
ωn−kn Φn−j(K)
k ≥ ωn−jn Φn−k(K)
j ,
for all 0 < j < k ≤ n. In particular, Lutwak asks if the following inequalities holds true:
Φn−j(K)
n ≥ ωn−jn V (K)
j , (1.9)
for every 0 ≤ j < n, with equality if and only if K is an ellipsoid. Most of these
conjectures remain open. Note that two cases of (1.9) follow from classical results:
when j = n− 1 this inequality is the Petty projection inequality and when j = 1 and K
is origin symmetric then (1.9) is the Blaschke-Santalo´ inequality. For more details we
refer to the book of Gardner [6] (see also [2] and [23], where an asymptotic version of
(1.9) is proved).
In [11], an extension of affine quermassintegrals was considered, where the authors
defined the Orlicz mixed affine quermassintegrals for K,L ∈ Kno , ϕ ∈ C and 0 < j ≤ n,
by
Φϕ,n−j(K,L) :=
ωn
ωj
(∫
Gn,j
V (j)ϕ
(
K|ξ, L|ξ
)−n
dνn,j(ξ)
)− 1
n
.
These quantities are invariant under volume preserving linear transformations, and pro-
vide a generalization of affine quermassintegrals to the Orlicz spaces.
In this note, drawing our inspiration from [30], we introduce the following alter-
native definition. For any ϕ ∈ C and 0 < j ≤ n, we define the Orlicz mixed affine
quermassintegrals of K,L ∈ Kno , by
Φϕ,n−j(K,L) :=
ωn
ωj
(∫
Gn,j
V (j)ϕ
(
K|ξ, L|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
)− 1
n
.
Our definition of Orlicz mixed affine quermassintegrals combine and extend both Lut-
wak’s concepts of affine quermassintegrals and Orlicz mixed volume.
In section 2 we prove their invariance under volume preserving linear transformations
and we show a first variation formula for them (see Proposition 2.4) with respect to the
Orlicz linear combination:
Φϕ,n−j(K,L)
−n =
ϕ′(1−)
j Φn−j(K)n+1
lim
ε→0+
Φn−j(K +ϕ ε ·ϕ L)− Φn−j(K)
ε
. (1.10)
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This can be seen as a generalization of the corresponding formula (1.4) for the Orlicz
mixed volume.
In section 3 we use Ho¨lder’s inequality to derive the following Orlicz-Minkowski
inequality for the Orlicz mixed affine quermassintegrals(
Φϕ,n−j(K,L)
Φn−j(K)
)−n
≥ ϕ
((
Φn−j(L)
Φn−j(K)
)1/j)
, (1.11)
which generalize the Orlicz-Minkowski inequality (1.6) for the mixed volume.
In the last section 4, we prove an Orlicz-Brunn-Minkowski inequality for Lutwak’s
affine quermassintegrals:
1 ≥ ϕ
((
Φn−j(K)
Φn−j(K +ϕ ε · L)
)1/j)
+ εϕ
((
Φn−j(L)
Φn−j(K +ϕ ε · L)
)1/j)
. (1.12)
Note that (1.12) generalize the corresponding Brunn-Minkowski inequalities for Orlicz
mixed volumes (1.6), and for affine quermassintegrals (1.8).
Acknowledgments. The author is supported by the Austrian Science Fund (FWF):
Lise Meitner [M 2338-N35].
2 Orlicz Mixed Affine Quermassintegrals
Definition 2.1 (Orlicz mixed Affine Quermassintegrals). The Orlicz mixed affine quer-
massintegrals are defined for any K,L ∈ Kno , ϕ ∈ C and 1 ≤ j ≤ n, by
Φϕ,n−j(K,L) :=
ωn
ωj
(∫
Gn,j
V (j)ϕ
(
K|ξ, L|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
)− 1
n
. (2.1)
Lemma 2.2. For any K ∈ Kno , λ > 0 and all 1 ≤ j ≤ n, we have that
Φϕ,n−j(K,λK) = ϕ(λ)
−1/n Φn−j(K). (2.2)
Proof. By the definition of Orlicz mixed volume (1.4), we have that
Vϕ(K,λK) =
1
n
∫
Sn−1
ϕ
(
hλK(u)
hK(u)
)
hK(u) dS(K,u)
= ϕ(λ)
1
n
∫
Sn−1
hK(u) dS(K,u)
= ϕ(λ)V1(K,K) = ϕ(λ)V (K).
Thus,
Φϕ,n−j(K,λK) =
ωn
ωj
(∫
Gn,j
V (j)ϕ
(
K|ξ, λK|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
)− 1
n
= ϕ(λ)−
1
n Φn−j(K).
Note that ϕ(1) = 1, and so we have that Φϕ,n−j(K,K) = Φn−j(K), for all K ∈ K
n
o ,
and so in that sense, Orlicz mixed affine quermassintegrals provides a natural extension
of Lutwak’s affine quermassintegrals in the Orlicz setting.
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Lemma 2.3. Let ϕ ∈ C , K,L ∈ Kno , ε > 0 and ξ ∈ Gn,j. Then,
(K +ϕ ε · L)
∣∣ξ = K|ξ +ϕ ε · L|ξ.
Proof. For every u ∈ Sn−1 ∩ ξ, we have that
hQ(u) = hQ|ξ(u), (2.3)
for every Q ∈ Kno . Thus, by (1.2) we have that for every u ∈ S ∩ ξ
ϕ
(
hK|ξ(u)
h(K+ϕε·L)|ξ(u)
)
+ εϕ
(
hL|ξ(u)
h(K+ϕε·L)|ξ(u)
)
= ϕ
(
hK(u)
hK+ϕε·L(u)
)
+ εϕ
(
hL(u)
hK+ϕε·L(u)
)
= 1,
which means that (K +ϕ ε · L)|ξ = K|ξ +ϕ ε · L|ξ.
Next we prove a first variation formula for the Orlicz mixed affine quermassintegrals
with respect to the Orlicz addition.
Proposition 2.4. Let ϕ ∈ C , K,L ∈ Kno and 1 ≤ j ≤ n. Then,
Φn−j(K)
n+1 Φϕ,n−j(K,L)
−n =
ϕ′(1−)
j
lim
ε→0+
Φn−j(K +ϕ ε · L)− Φn−j(K)
ε
. (2.4)
Proof. By (1.5) we have
d
dε
∣∣∣∣
ε=0+
∫
Gn,j
Volj
(
(K +ϕ ε · L)|ξ
)−n
dνn,j(ξ)
= −n
∫
Gn,j
Volj(K|ξ)
−n−1 d
dε
∣∣∣∣
ε=0+
Volj
(
(K +ϕ ε · L)|ξ
)
dνn,j(ξ)
= −
jn
ϕ′(1−)
∫
Gn,j
V (j)ϕ
(
K|ξ, L|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
= −
jn
ϕ′(1−)
(
ωn
ωj
)n
Φϕ,n−j(K,L)
−n.
Thus,
lim
ε→0+
Φn−j(K +ϕ ε ·ϕL)− Φn−j(K)
ε
=
d
dε
Φn−j(K +ϕ ε · L)
∣∣∣∣
ε=0+
=
ωn
ωj
d
dε
∣∣∣∣
ε=0+
(∫
Gn,j
Volj
(
(K +ϕ ε · L)|ξ
)−n
dνn,j(ξ)
)− 1
n
= −
ωn
ωj
1
n
(∫
Gn,j
Volj
(
K|ξ
)−n
dνn,j(ξ)
)− 1
n
−1
d
dε
∣∣∣∣
ε=0+
∫
Gn,j
Volj
(
(K +ϕ ε · L)|ξ
)−n
dνn,j(ξ)
=
j
ϕ′(1−)

ωn
ωj
(∫
Gn,j
Volj
(
K|ξ
)−n
dνn,j(ξ)
)− 1
n


n+1
Φϕ,n−j(K,L)
−n
=
j
ϕ′(1−)
Φn−j(K)
n+1 Φϕ,n−j(K,L)
−n.
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Note. Definition 2.1 for j = n gives that
Φϕ,0(K,L)
−n = Vϕ(K,L)V (K)
−n−1. (2.5)
So in that case, formula (2.4) reads exactly as the corresponding first variation formula
(1.5) for the Orlicz mixed volume.
The following lemma comes from [7, Theorem 5.2].
Lemma 2.5. Let ϕ ∈ C , K,L ∈ Kno , ε > 0 and T ∈ GL(n). Then,
T (K +ϕ ε · L) = TK +ϕ ε · TL.
Proof. Note that for any u ∈ Sn−1 and Q ∈ Kno ,
hTQ(u) = hQ(T
∗u).
Thus, by definition (1.1) for the Orlicz linear combination, we have that for every
u ∈ Sn−1.
hTK+ϕε·TL(u) = inf
{
λ > 0 : ϕ
(
hTK(u)
λ
)
+ εϕ
(
hTL(u)
λ
)
≤ 1
}
= inf
{
λ > 0 : ϕ
(
hK(T
∗u)
λ
)
+ εϕ
(
hL(T
∗u)
λ
)
≤ 1
}
= hK+ϕε·L(T
∗u) = hT (K+ϕε·L)(u)
Using the first variation formula (2.4), we can easily see that Orlicz mixed affine
quermassintegrals are invariant under volume preserving linear transportations.
Proposition 2.6. Let ϕ ∈ C , K,L ∈ Kno , 1 ≤ j ≤ n and T ∈ SL(n). Then,
Φϕ,n−j(TK, TL) = Φϕ,n−j(K,L).
Proof. By Proposition 2.4, Lemma 2.5 and the SL(n)-invariant of Lutwak’s affine quer-
massintegrals, we get that
Φϕ,n−j(TK, TL)
−n = Φn−j(TK)
−n−1 ϕ
′(1−)
j
d
dε
∣∣∣∣
ε=0+
Φn−j(TK +ϕ ε ·ϕ TL)
= Φn−j(K)
−n−1 ϕ
′(1−)
j
d
dε
∣∣∣∣
ε=0+
Φn−j(K +ϕ ε ·ϕ L)
= Φϕ,n−j(K,L)
−n.
We close the section with a definition, that comes of by choosing ϕ(t) = tp in (2.1).
Definition 2.7. The Lp mixed affine quermassintegrals of K,L ∈ K
n
o , p ≥ 1, are defined
by
Φp,n−j(K,L) :=
ωn
ωj
(∫
Gn,j
V (j)p
(
K|ξ, L|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
)− 1
n
. (2.6)
In particular, the mixed affine quermassintegrals of K,L ∈ Kno are defined by
Φ1,n−j(K,L) :=
ωn
ωj
(∫
Gn,j
V
(j)
1
(
K|ξ, L|ξ
)
Volj
(
K|ξ
)−n−1
dνn,j(ξ)
)− 1
n
. (2.7)
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3 Orlicz-Minkowski Inequality
for Orlicz Mixed Affine Quermassintegrals.
In this section we prove an Orlicz-Minkowski inequality for the Orlicz mixed affine
quermassintegrals. For its proof we use the Orlicz-Minkowski inequality (1.6) and Ho¨lder
inequality, which we quote here for the reader’s convenience (see [10, Theorem 189]).
Theorem (Ho¨lder’s inequality). Let f, g : X → [0,∞] be measurable functions on a
measure space (X,µ). For every p 6= 0 we consider p′ 6= 0 such that 1p +
1
p′ = 1.
(i) If p ≥ 1, then
∫
fg dµ ≤
(∫
fp dµ
)1/p (∫
gp
′
dµ
)1/p′
, (3.1)
with equality if and only if fp and gp
′
are proportional.
(ii) If 0 < p < 1 or p < 0, then
∫
fg dµ ≥
(∫
fp dµ
)1/p (∫
gp
′
dµ
)1/p′
, (3.2)
with equality if and only if fp and gp
′
are proportional, or fg ≡ 0.
Theorem 3.1 (Orlicz-Minkowski inequality for Orlicz mixed affine quermassintegrals).
Let K,L ∈ Kno , ϕ ∈ C , and 1 ≤ j ≤ n. Then,(
Φϕ,n−j(K,L)
Φn−j(K)
)−n
≥ ϕ
((
Φn−j(L)
Φn−j(K)
)1/j)
. (3.3)
If ϕ is strictly convex, then equality holds if and only if K and L are dilates of each
other.
Proof. For every K ∈ Kno , we define the Borer probability measure µK,n,j on Gn,j by
dµK,n,j(ξ) =
Volj(K|ξ)
−n
Φn−j(K)−n
dνn,j(ξ).
Then, Orlicz-Minkowski inequality (1.6), and Jensen inequality for µn,j, imply
(
Φϕ,n−j(K,L)
Φn−j(K)
)−n
=
∫
Gn,j
V
(j)
ϕ (K|ξ, L|ξ)
Volj(K|ξ)
dµK,n,j(ξ)
≥
∫
Gn,j
ϕ
((
Volj(L|ξ)
Volj(K|ξ)
)1/j)
dµK,n,j(ξ)
≥ ϕ
(∫
Gn,j
(
Volj(L|ξ)
Volj(K|ξ)
)1/j
dµK,n,j(ξ)
)
= ϕ


∫
Gn,j
Volj(K|ξ)
− jn+1
j Volj(L|ξ)
1
j dνn,j
Φn−j(K)−n

 . (3.4)
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We use Ho¨lder inequality (3.2) on Gn,j, with exponents
p =
jn
jn+ 1
and p′ = −jn < 0.
Taking into account that ϕ is increasing, we get that∫
Gn,j
Volj(K|ξ)
− jn+1
j Volj(L|ξ)
1
j dνn,j
≥
(∫
Gn,j
Volj(K|ξ)
−n dνn,j
) jn+1
jn
(∫
Gn,j
Volj(L|ξ)
−n dνn,j
)− 1
jn
= Φn−j(K)
−n− 1
j Φn−j(L)
1
j .
Thus, by (3.4) we have
(
Φϕ,n−j(K,L)
Φn−j(K)
)−n
≥ ϕ
(
Φn−j(K)
−n− 1
j Φn−j(L)
1
j
Φn−j(K)−n
)
= ϕ
((
Φn−j(L)
Φn−j(K)
)1/j)
.
For the equality condition, note that if K,L are dilates of each other, then it can be
easily checked that equality holds in (3.3). Conversely, if we assume that ϕ is strictly
convex and that equality holds in (3.3), then all inequalities in the above proof should
hold as equalities. Thus, equality must holds in the Orlicz-Minkowski inequality for K|ξ
and L|ξ, ξ ∈ Gn,j, and so we must have that for every ξ ∈ Gn,j there exist λ(ξ) > 0
such that
L|ξ = λ(ξ)L|ξ ∀ ξ ∈ Gn,j. (3.5)
Moreover we must have equality in Jensen’s and Ho¨lder’s inequalities. This implies
that the positive functions f(ξ) := Volj(K|ξ) and g(ξ) := Volj(L|ξ), ξ ∈ Gn,j, must be
proportional to each other, i.e., there exists λ > 0 such that
Volj(L|ξ) = λVolj(K|ξ) ∀ ξ ∈ Gn,j. (3.6)
By (3.5) and (3.6) we conclude that L = λK.
Next uniqueness criterion follows directly from Theorem 3.1.
Proposition 3.2. Let ϕ ∈ C be strictly convex, 1 ≤ j ≤ n, and K,L ∈ Mn ⊆ Kno . If
Φϕ,n−j(M,K) = Φϕ,n−j(M,L), ∀M ∈M
n (3.7)
or
Φϕ,n−j(K,M)
Φn−j(K)
=
Φϕ,n−j(L,M)
Φn−j(L)
, ∀M ∈ Mn, (3.8)
then K = L.
Proof. First we suppose that (3.7) holds, and we take M = K. Then by (3.3) we have
Φn−j(K)
−n = Φϕ,n−j(K,L)
−n ≥ Φn−j(K)
−n ϕ
((
Φn−j(L)
Φn−j(K)
)1/j)
,
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with equality if and only if K and L are dilates of each other. Thus we have,
ϕ
((
Φn−j(L)
Φn−j(K)
)1/j)
≤ 1,
with equality if and only if K and L are dilates of each other. Since ϕ is increasing and
ϕ(1) = 1, we get that Φn−j(L) ≤ Φn−j(K), with equality if and only if K and L are
dilates of each other. Under the light of j-homogeneity of the affine quermassintegrals,
this means that
Φn−j(L) ≤ Φn−j(K),
with equality if and only if K = L. Similarly, by taking M = L in (3.7), we get
Φn−j(K) ≤ Φn−j(L),
with equality if and only if K = L. Thus, we must have Φn−j(K) = Φn−j(L) and
K = L. The same arguments also show that if (3.8) holds, then K = L.
4 Olricz-Brunn-Minkowski Inequality
for Affine Quermassintegrals.
Lemma 4.1. Let K,L ∈ Kno , 1 ≤ j ≤ n, and ϕ ∈ C . Then, for every ε > 0
1 =
(
Φϕ,n−j(K +ϕ ε · L,K)
Φn−j(K +ϕ ε · L)
)−n
+ ε
(
Φϕ,n−j(K +ϕ ε · L,L)
Φn−j(K +ϕ ε · L)
)−n
. (4.1)
Proof. We first prove the following fact: For every A,B ∈ Kj , 1 ≤ j ≤ n and ε > 0 one
has that
Vϕ(A+ϕ ε · B,A) + εVϕ(A+ϕ ε · B,B) = V (A+ϕ ε ·B).
Indeed, if Aϕ := A+ϕ ε ·B, then (1.4) and (1.2) imply that
Vϕ(Aϕ, A) + εVϕ(Aϕ, B)
=
1
n
∫
Sn−1
ϕ
(
h(A, u)
h(Aϕ, u)
)
h(Aϕ, u) dS(Aϕ, u)
+
ε
n
∫
Sn−1
ϕ
(
h(B,u)
h(Aϕ, u)
)
h(Aϕ, u) dS(Aϕ, u)
=
1
n
∫
Sn−1
[
ϕ
(
h(A, u)
h(Aϕ, u)
)
+ εϕ
(
h(B,u)
h(Aϕ, u)
)]
h(Aϕ, u) dS(Aϕ, u)
=
1
n
∫
Sn−1
h(Aϕ, u) dS(Aϕ, u) = V (Aϕ).
Thus, by setting Kϕ = K +ϕ ε · L, we get
Φϕ,n−j(Kϕ,K)
−n + εΦϕ,n−j(Kϕ, L)
−n
=
(
ωn
ωj
)−n ∫
Gn,j
V (j)ϕ (Kϕ|ξ,K|ξ) − εV
(j)
ϕ (Kϕ|ξ, L|ξ) Volj(Kϕ|ξ)
−n−1 dνn,j(ξ)
=
(
ωn
ωj
)−n ∫
Gn,j
Volj(Kϕ|ξ)
−n dνn,j(ξ)
= Φn−j(Kϕ)
−n.
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Theorem 4.2 (Orlicz-Brunn-Minkowski inequality for affine quermassintegrals).
Let K,L ∈ Kno , 1 ≤ j ≤ n, ϕ ∈ C , and ε > 0. Then,
1 ≥ ϕ
((
Φn−j(K)
Φn−j(K +ϕ ε · L)
)1/j)
+ εϕ
((
Φn−j(L)
Φn−j(K +ϕ ε · L)
)1/j)
. (4.2)
If in addition, ϕ is strictly convex, then equality holds if and only if K and L are dilates
of each other.
Proof. By (4.1) and the Orlicz-Minkowski inequality (3.3) we have that
1 =
(
Φϕ,n−j(K +ϕ ε · L,K)
Φn−j(K +ϕ ε · L)
)−n
+ ε
(
Φϕ,n−j(K +ϕ ε · L,L)
Φn−j(K +ϕ ε · L)
)−n
≥ ϕ
((
Φn−j(K)
Φn−j(K +ϕ ε · L)
)1/j)
+ εϕ
((
Φn−j(L)
Φn−j(K +ϕ ε · L)
)1/j)
.
Let now suppose that ϕ is strictly convex. Then, by the equality conditions in the
Orlicz-Minkowski inequality (3.3), and since K,L ∈ Kno , we get that equality holds in
(4.2) if and only if K and K +ϕ ε · L are dilates of each other and L and K +ϕ ε · L are
dilates of each other. Thus, equality holds if and only if K and L are dilates of each
other.
In the last proof, we saw that Theorem 4.2 is a consequence of Theorem 3.1. Actually,
those two inequalities are equivalent.
Proposition 4.3. Inequalities (4.2) and (3.3) are equivalent.
Proof. We only have to show that (4.2) implies (3.3). Indeed, by Proposition 2.4,
Orlicz-Brunn-Minkowski inequality (4.2), and lemma (1.3), we have
j
ϕ′(1−)
Φn−j(K)
n+1 Φϕ,n−j(K,L)
−n = lim
ε→0+
Φn−j(K +ϕ ε · L)− Φn−j(K)
ε
= lim
ε→0+
1− ϕ
((
Φn−j(K)
Φn−j(K+ϕε·L)
) 1
j
)
ε
· lim
ε→0+
1−
Φn−j(K)
Φn−j(K+ϕε·L)
1− ϕ
((
Φn−j(K)
Φn−j(K+ϕε·L)
) 1
j
)
· lim
ε→0+
Φn−j(K +ϕ ε · L)
≥ lim
ε→0+
ϕ
((
Φn−j(L)
Φn−j(K +ϕ ε · L)
) 1
j
)
· lim
t→1−
1− t
1− ϕ
(
t1/j
) · lim
ε→0+
Φn−j(K +ϕ ε · L)
= ϕ
((
Φn−j(L)
Φn−j(K)
) 1
j
)
·
j
ϕ′(1−)
· Φn−j(K).
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